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ABSTRACT 
We consider a M/M/1  queue wi th  two  types o f  customers.  
The server suffers some loss when a non-pr io r i ty  customer  joins the queue i f  the size o f  the 
queue is greater than  some predetermined  level N. The prob lem is to decide which group re- 
ceives prior ity in such a way as to min imize  the expected  cost per uni t  o f  t ime. 
We show first how to determine the opt imal  decision. Then we int roduce approx imat ions  that  
enable us to show that  the opt imal  decision has a simple behaviour as a funct ion o f  N, the 
arrival and service parameters.  
1. INTRODUCTION 
In this paper we shall study a queuing process involv- 
ing two ciasses of customers, one of them being 
assigned a higher priority than the other. Each 
customer who joins the queue pays an entrance fee 
to the server and therefore, the capacity of the queue 
is set to infinity. However, the server suffers some 
loss each time a non-priority customer joins the 
queue and finds there are already N customers ahead 
of him. 
For instance, this loss could reflect the fact that a 
non-priority customer might not come back if he 
found a long waiting queue upon his arrival. 
A priority customer, having priority, would be less 
affected by the queue size. Therefore, the server will 
assign the priority to one of the classes in such a 
way as to maximize his net profit : the entrance fees 
perceived minus the losses incurred. 
We shall assume that neither the entrance fees nor 
the arrival rates depend on the priority assignment 
and therefore, the problem will be reduced to min- 
imizing the losses. Otherwise we could.use the same 
tools to solve the problem but first the results would 
be slightly more difficult to obtain, and furthermore 
their form would be much more complicated. 
We will show that it is possible to determine xactly 
what decision the server should take. 
However, this result is not very explicit and we shall 
introduce approximations, in order to study analytic- 
ally the decision as a function of N, the arrival and 
the service parameters. 
It will appear that either the decision is constant for 
all N or that there exist a unique N such that the 
decision remains constant when N goes from 0 to N, 
then switches and remains constant from N to oo. 
2. DESCRIPTION OF THE MODEL 
The arrivals of customers of class 1 and 2 form two 
independent Poisson processes with parameters X 1 
and X2 respectively. The service times for customers 
of class k are i.i.d, random variables with distribu- 
tion function 
-/lkX 
sk(x )  = 1 -e  k = 1 ,2 ;  (1) 
the service times and interarrival times are independ- 
ent. 
The server looses an amount C each time a non- 
priority customer joins the queue and there are al- 
ready N customers or more in queue. 
The priority discipline is preemptive-resume : when 
a priority customer joins the queue and a non-prior- 
ity (or ordinary) customer is being served, the service 
is interrupted until there are no more priority 
customers in the system, the preempted customer 
resumes ervice from the point where it was inter- 
rupted. The server has to decide which class gets 
priority. We shall say that the server has taken the 
decision D k (k = 1, 2) if the customers of class k have 
priority. 
Let p~k) (t) = P [at time t there are i priority and j 
ordinary customers I class k is non- 
priority] i,j = O, 1 ... .  ; 
-_ lim _(k) i,j 0, 1 ... .  ; t -~o eij (t) = p(k) ij 
when it exists; 
N p - i  n 0,1, • p ~.  ~ . . . ,  
1~O 
p(n k) = ~ p!k) n=0,1  . . . . .  
i=o 
The server's expected loss per unit of time, in steady 
state, is 
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X2C(1-P(N2_) 1) 
if the server takes the decision D 1 and 
)tlC(1 -P(~_) 1 ) 
in the other case. 
The server has to minimize, for a given N, 
~/k, N = Xk(1-P(Nk21) 
the optimal decision will be 
D 1 iff 71,N f> 72,N. 
3. STATE PROBABILITIES 
Let us assume that 
k=l ,2  (2) 
system in which the priority customers would be 
the only type of customers. 
We shall denote by co(G) the Laplace transform of 
the distribution function of a P.B.P. 
In this case, as the priority customers in isolation 
form a M(X1)/M(/~I)/1 queuing system, it is known 
(see [1], p. 94) that co(G) is the smallest root of 
Xl a2 - (X1+#1 + ~)a+gl  = 0. 
B. Completion time 
It is the interval from the time the server begins a 
service for an ordinary customer until the time that 
service is completed. 
Let c(~) denote the Laplace transform of the 
distribution function of a completion time. As the 
customers of class 2 are the ordinary customers, 
Pl +P2 < 1 
wh er e 
xu 
Pk-  
~k 
it is well known that 
PoC C=PoC  : 1-01 
(Suppose now that customers I are priority customers. 
_(2) satisfy It can be shown that the probabilities vi j
the following system :
Poo(Xl +X 2) = P lo /~ l  +PolV2 
Poj (~'1 + X2 + P2) = P ljPl + Poj +1#2 + Poj-lX2 
o<j  
c(}) =s2[X1(1-'¢o(})) +~1 (see [1],p. 85) 45) 
where s2(~) is the Laplace transform of the func- 
tion S2(x ). 
From (1), we get 
s2(}) _ u2 (6) 
Let 
O0 I~ • • 
P(u,t) = ~ .~ Pijult J
i=o J=o 
be the generating function of the probabilities Pij" 
it is known ([1], p. 95), that 
P(u,t) = (1-Pl - P2) 
~o(Xl + X2 +/~1) = Pi+ 1 oPl +Pi-1 oXl 
o<i  
Pxj (Xl +X 2 +/a 1) = Pi+ l j#l + Pi_ljXl + Pij_lX2 
o<i ,  o<j  
43) 
(for simplicity, we shall write Pij instead o£ p!?), as 
long as the notations remain unambiguous). - j  
From (3), one gets 
Pn(X1 + X2) = Pn +1 #1 - Po n + 1(/~1 -g2) 
n = 1,2,... 
(4) 
Let us define 
A. A priority busy period (P.B.P.) 
It is the interval from the time a priority customer 
joins the queue and there is no priority customer 
ahead of him (its service starts at once) until the 
time there is no priority customer in the system. 
As the priority discipline is preemptive, a P.B.P. has 
the same distribution as a busy period for a queuing 
F Xl(U-°a[~x2(1-t)]) l-Sl[~Xl(l-u)+X2(l-t)] - 
I+X l  (1-u)+X2(1-t)l 1 sl [Xl (l_u)_F~2(l_t)]~ 
X (t-1)c[X2(1-t)] , 
t-c[X2(1-t)l 
where Sl(~) = /~1 is the Laplace transform of 
ul+ 
s1(~). 
P(o , t )=(1 -P l -P2  ) (t-1)c[X2(1-t)] (7) 
t -c [X 2 ( l - t )]  
is the generating function of the probabilities Poj: 
4. APPROXIMATION OF ~'k,N 
As Poo = 1 -P l -P2 ,  it results from (4) that 
P(o u) = 1-01-P2 
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n 
UlP  ) = (xl + x2) P(-2--)l+(/21-/22)jL ) 
+/222(1-01 -027 n = 1,2 .... (8) 
It is possible to compute "Y2,N : 
from (5), (6) and (7) one gets {p;~),'- j = 0,1 ..... N- l}  
add from (8) used recursively, one gets P(N 2). 
From the same equations, interchanging indices 1 
and 2, we get 71,N. 
The problem is, formally, solved : for every value of 
the parameters X 1, X 2,/21, 122 and N, it is possible 
to compute 71, N and 72, N and take the optimal 
decision. 
However, the computation of 7k,N is not very easy, 
except for small values of N and the relationship be- 
tween 3'k, N and the parameters i not very explicit. 
This shows that the procedure outlined hereabove 
is not weU suited if one wishes to study how the 
optimal decision varies when the parameters change. 
One question of interest, for instance, is the follow- 
ing : does the optimal decision remain constant when 
N goes from 0 to infinity and all other parameters 
are constant ? 
It will be useful, therefore, to determine approxima- 
tions Ck,N'S of the 7k,N'S, easier to compute and to 
study. 
Let us denote by D~q the optimal decision : 
D N=D 1 iff 71,N>/72,N 
"k, 
and by D N the "approximate decision" : 
% 
D N=D 1 iff Cl, Nt>c2,  N 
% 
If Ck, N is close to 3,k,N, then D N will differ from 
. 
D N only in some cases where 71,N and "Y2,N take 
approximately the same value. 
In fact, as we shall see in § 6, D N will not be exact- 
ly as defined above, but rather as follows : 
% 
D N = D N 
= D 1 
if one can prove without computa- 
tion what inequality holds between 
71,N and 72,N 
iff Cl, N i> c2, N otherwise. 
From (57 and (6), it can be shown that 
E [completion time] = -c'(~)If  = o 
Therefore, (7) may be written as 
P(2)(0,t) = (1-01)(1 
P2 (t-1)c[ X2(1-t)] ) 
1-p 1 t-c[X2 (l-t) ] 
n(2)ir l  a r~Fomp le- l~(t-1)c[X2(l-t)] 
= to,.  ~ ' - "2~ ttion timeJzt_ c [)t2 (1 -t)] 
where p(2) ~ (o]) (9) 
O~. ~ . O p J= 
= 1-01 (107 
is the (marginal) probability that there is no priority 
customer in the queue. 
Let us associate to the original system where class 1 
has priority a M/G/1 queue with Poisson arrivals 
(parameter X2) and services distributed as the com- 
pletion times of ordinary customers in the original 
queue. 
Let zrj = P [j customers in the associated queue]. 
Equation (9) has the following - intuitively appealing 
interpretation : 
_ Poj (117 
Po , .  
= P[j ordinary customers ]no priority customer]. 
Consider a M/M/1 queue with parameters X2 for the 
arrivar process and 02(1-P l )  for the service time 
distribution (expected service time equal to the ex- 
pected completion time of the original problem). 
Let Pi -- P [j customers in that last queue] 
=(1- 02 ( P2 )j (127 
1_01 ) 1_Pl  
Numerical investigations show that, under conditions 
that will be stated below, 
n n 
Z 7r i - E -Pi even for small n (13) 
i=o i=o 
(- stands for 'approximately equal to'). 
Consider the figures 1, 2 and 3. We have plotted 
n n 
E 7r iand E ~ fo rn=l ,  2andl0respect ively,  
i=o i=o 
as a function of P2 (the traffic intensity). 
1 -P  1 
The continuous curve corresponds to the M/M/1 
queue while the numbers refer to 4 different associat- 
ed queues. The/21's and Xl'S are given in table 1. 
m 
/22(1- 01) 
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TABLE 1 
k 1 
/11 
Pl 
1 2 3 4 
.2 .5 1. 2. 
.5 1.25 2.5 5. 
.4 .4 .4 .4 
k 2 is equal to . 5 in all 4 queues and//2 takes values 
so that P2 varies from 0 to 1. 
1 -p  1 
As can be seen, the queues 3 and 4 fit the M/M/1 
queue closely, while it is not the case for queue 1. 
In fact, it appears that the fit is better when 
Xl + ;~2 is small (see table 2); this condition will 
//1 
appear again later in the paper. 
TABLE 2 
k 1 + k 2 
#1 
1 2 3 4 
1.4 .8 .6 .5 
If we define 
P-o = 1 -P l -P2  
n 
//1P-n = (X 1 + k27Pn_1 + (//l-P2)(1-P 1)j _-~o PJ 
+//2(1- p l -  P27 n=l ,2 , . . .  (147 
Then, by (8 7, (10), (117 and (13), we have 
P 27- n n=1,2 . . . .  
and 
c2, N = X 2 (1-PN_I) 
is an approximation of T2,N. By interchanging in 
(12) and (147 indices 1 and 2, we get an approxima- 
tion Cl, N of 3'1, N. 
5. EXPLICIT EXPRESSIONS FOR Cl, N and c2, N 
Let p - - - -  P2 
1 -P  1 
(157 
from (127 and (147 , it results that 
Po = 1 -P l -  P2 
#lP-n = (X 1 + X2)-Pn_ 1 +(Pl-P2)(1-PlT(1-pn+l 7 
+//2 (1-pl -P2) (16) 
Using the method outlined in [2] p. 121 to solve (16), 
one gets after some algebraic manipulations 
[kl+X 2 ~n 
_pn 
+ (//1-//27P2P ~ //1 ] 
Pl kl + k2 
P 
//1 
or  
n = 0, 1,... 
1 -Pn = (k1+~'27(1 -Ol-P2) Pl 
(k l+k2)(1-pl)-/ / lp2 
p22 (//1 -//2) 
(X 1 +X2) (1 - Pl) -/11 P2 
Therefore, 
X 1 + X 2 ./n 
] //1 
(17) 
n=0, 1,... 
k2Pl(~,1+k27(1-Pl-P2)(kl+k21N-1 
C2'N-(Xl+X27(1-P1)-UlP2 \ - -~1 / 
X2p2 (//1-//27 ( P----~22 / N-1 
(X I~2)~' -P lP2  k 1 -p l ]  (18) 
and 
XlP2 (XI+ X2)(1-Pl-P2) 
Cl,N = (X 1 +X2)(1 -P27 - P2 Pl 
Xl p2 (//2 - Pl) 
(k l+ X27(1-P27 - P2 Pl 
l k qLk 2 t N-1 
Notice that 
lira (l-P_) =0 iff 
n- ->oo  £1-  
however (see 17), 
lira (1-Pn) = 0 iff 
11-->oo 
P l+P2 <1 
P2 
1-P  1 
< 1 and Xl+k2 < . . . . .  1 
//1 
(191 
The first inequality in (1,9) is equivalent to pl+P2 < 1. 
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The second inequality shows (as was mentioned in 
§4) that the approximation on the Poj'S is not good 
X 1 +X2 if is too big. 
Pl 
!n the next paragraph, we shall assume that 
Xl + X 2 < mill (Pl'P2)" 
This is a necessary condition for both Cl, N and c2, N 
w be good approximations of T1,N and 3'2,N" Note 
that it implies the inequality Pl  +P2 < 1. 
rk ,  
6. D N as a function of N 
Fkst, let us remark that the Ck,N'S are decreasing 
functions of N : 
Ck, N > Ck,N+ 1 V N ~> 1, k=1,2. (20) 
!n fact, Ck, N is of the type 
Vv x + Ww x 
where 1 > w > v 
and W>[V[>0.  
it can be shown that such a function is either decreas- 
ing or increasing up to some x o and then decreasing. 
Then, one can show from (16) that 
vl therefore, 
Ck, 2 < Ck, 1 and (20) is proved. 
As 
lira Ck, N = 0 
N---~o 
Ck,N > 0 VN/>I ,  k=1,2. (21) 
This shows that the Ck,N'S have, as functions of N, 
the same behaviour as the Tk,N'S. 
When studying the decision as a function of N, we 
get the following theorem. 
Let Pl > P2" 
If k 1/> k2, 3'1,N />'y2,N and Dn = D1 V N>~ 1 
I fX l<~2'  El N>~ 1 such that 
% 
Cl, N<c2,  N andD N=D 2 
B 
V N = 1,...,N 
Cl, N/>c2, N andDN=D 1 V N~>N+I 
Let us examine the meaning of this theorem, before 
proving it. 
If Pl > P2' it can be shown that 
Xl + X2 P2 
P2 1 - Pl 
and it is obvious that 
X 1 + X 2 X 1 + X 2 > 
P2 Pl 
Therefore, if N becomes large enough, it results 
immediately from (18) that Cl, N becomes greater 
than c2, N and the optimal decision is D 1. 
On the other hand, 
c1,1 = Xl(Pl + P2) 
and 
c2,! = k2(Pl + P2) 
therefore, 
"M 
D 1 = D 1 iff k 2<k 1. 
What the theorem means is this : if it is optimal to 
chose D 1 both at N = oo (p I > g2) and N=I(X 1 >X2), 
then K is optimal to chose D 1 for all N; if it is 
optimal to chose D 1 at N=oo but not at N=I ,  then 
there exist a unique N such that the optimal decision 
is D 1 for all N > N and no N ~< N. Obviously, one 
has symmetric results in the case Pl < P2" 
Proof of the theorem 
A. Pl >/22' kl  > X2 = > 3'1,N > 3'2,N 
VN~>I 
We show in the appendix that if rro denotes the 
priority rule give a non-preemptive priority to 
customers of type Y and if rr denotes any other non- 
preemptive right-of-the-way rule based on the 
service distribution, then 
PN(t;~o)>PN(t;rr) Vt, VN~>I,  Vrr=~rr o, 
if Pl > P2' 
where PN(t;Tr) = P[<~ N customers at time t if ruler@ 
There is a similar, although stronger, result in Schrage 
and Miller [3]. 
It becomes obvious that 
P(N2-) 1 > P(N-) 1 
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and, as )`2 < k l '  
that 72,N < 71,N 
(see (2)7 
B. //1 >/ /2 '  )`1 < )`2" 
I fP l  >/ /2 ,  as Cl,N > 0 VN (21), 
then ()`1 + )`2) (1 - P2) - / /2 Pl > 0 
and we may write 
Cl, N -_ A 0~ N-1 + B fiN-1 
where A and B are positive, 
k l  + )`2 Pl 
l>a= >f l  
//2 = ]-:-- P2 
On the other hand, one of the terms in c2, N is 
positive and the other one is negative and, as 
c2, N > 0 V N, we may write 
c2, N = C TN-1 -D 6 N-1 
where C and D are positive 
and 1 > ') '=max{ )`1+)`:2, P2  
//1 1-P l  
)`1+)`2 }> 8 =min {. 
#1 
P2 ). 
1-  Pl  
Consider the function 
~b(x) = A ax+ B fix +D 6X-c7  x. 
We have 
Cl, N-  c2, N = ~(N-1), N _--_ 1, 2, ... 
We may write ~(x) as 
¢(x) = ~' x ~ (x) 
where 
+ + 
¢ (x) is convex (@" (x 7 > O) 
and 
¢(o) = Cl, 1 - c2,1 = ()`1 - )`2)(Pl + P2) < 0, 
therefore, there exists a unique K positive such that 
(K) = 0 and the second part of the theorem is 
proved if we set 
N = f~ l  
Note : I f / /1 =/ /2 '  it is obvious that D N = D 1 VN 
iff k 1 >i )`2" 
7. CONCLUSION 
The optimal decision is the one that minimizes the 
expected rate of arrival of non-priority customers 
times the probability of having more than N cus- 
tomers in queue. 
From the theorem in § 6, we conclude that the 
optimal decision does not depend at all on N if 
()`I - )`2) (//I - //27 ~ 0 
and that, under this inequality, it is optimal to give 
priority to the customers with the highest arrival 
(and service) rate. 
If ()`1 - )'2) (gl - g27 < 0, 
we turn to approximations and we conclude that 
the approximate decision is to give priority to the 
customers with the highest arrival rate for small 
values of N (N ~< N) and to customers with the 
highest service rate for large values of N (N > N). 
N is easy to compute numerically. It seems obvious 
that the optimal decision follows the same pattern, 
with N replaced by some N, and that the approxim- 
ate decision differs from the optimal one only for 
N between N and N. N is much more complicated 
to compute than N. 
APPENDIX 
Let zr I be any rule different from 7r o. We shall con- 
struct a rule zr2, better than 7r I in the following 
sense :
Pl~(t;Tr27 >i PN(t;Zrl) Vt, VN >/1. 
As ~r 1 4: 7r o, there is at least one type I customer 
(denoted by T1) which will be served after some 
type 2 customers. 
Let T 2 denote the last of the type 2 customers serv- 
ed before T 1 and let t o be the time at which T 2 be- 
gins its service and t I the time at which T 1 ends its 
service under lr I (see fig. 47. 
T2 T1 
t o t I t 
7r 2 T 1 
i 
t o 
T 2 
x" > 
t 1 t 
Fig. 4. 
Let rt 2 be the same rule as 7r I except that it serves 
T 1 before T 2. 
Under both rules, T 1 and T 2 will be present at time 
t o and both will have left at time t 1. 
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The number of customers in the queue will be the 
same under both rules, for t ~ t o and t ~ t 1. It may 
differ by 1 between t o and t 1. 
We shall compute conditional probabilities for the 
number of customers in the queue between t o and 
tl , given that T 1 and T 2 are present at time to, one 
of them begins its service at that time and their total 
length of service time is (t 1 -to).  As these events 
have the same probabilities under ¢r 1 and lr 2, any 
inequality for the conditional probabilities i valid 
for the unconditioned probabilities. 
P [~ N at t l k  at t o , l r l ]  
= p [Service of T 2 finished before t l... ] 
p[ ~ N-k+1 arrivals during (t - to) ] 
+ P[Service of T 2 not finished before t). . .]  
P [~N-k  arrivals during ( t - to)  ] 
-(X 1 + X2) (t-  to) N-  k+l  (t - to )x 
;=o  i! 
[(XI+ h2)(t_to ) (t_to)N'k+ 1
-¢ 
(N-k+l)!  
X P[Service of T 2 lasts more than (t-to) ] 
Services of T 1 and T 2 last (t l-to) ]
For the rule ¢t 2, one gets the same expression, 
with T 1 replacing T2 in the last probability. As 
#1 ~ #2' it is obvious that 
P [~ N at t I k at to, 7rl1 ~ P[ ~ N at t lk at to,re2] 
and therefore, that ¢t 2 is an improvement on 7r 1. 
N= 1 
t 
.IS 
,li • 
By repeating that improvement procedure, on 
71" 2 . . . .  , we  get eventua l ly  a ru le  fo r  wh ich  no  type 
2 customer is served ahead of a type 1 customer, 
and that rule is equivalent to ~r o. 
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